Additional Methods for Solving DSGE Models

Karel Mertens, Cornell University

References

King, R. G., Plosser, C. I. & Rebelo, S. T. (1988), ‘Production, growth and business cycles:
I. the basic neoclassical model’, Journal of Monetary Economics 21(2-3), 195-232.

Klein, P. (2000), ‘Using the generalized schur form to solve a multivariate linear rational

expectations model’, Journal of Economic Dynamics and Control 24(3), 482-498.

Ljunqvist, L. & Sargent, T. (2004), Recursive Macroeconomic Theory, 2nd Ed, MIT Press.
Ch 3 12 14.



We have solved the simple RBC model in King et al. (1988) applying the method of
undetermined coefficients to the linearized system. The method is generalized by Uhlig

1997 and matlab software can be found at:
http://www2.wiwi.hu-berlin.de/institute/wpol/html/toolkit.htm

Here are two additional methods to find an approximate solution.

1 Linear Systems and the Schur (QZ) Decomposition

We can write the linearized system of stochastic difference equations as
AEt [CCt+1] = Bﬂl‘t (1)

where z; = [st,zt]T collects the state variables s; and the controls z;. Note that in the
simple RBC model, we had chosen z; such that A was invertible and W = A~'B. The
QZ decomposition does not require A to be invertible, which means that additional static
(intratemporal) equilibrium conditions can be included among the dynamic relationships.

We are looking for a solution of the form

sir1 = Gsp+ Fegq (2)

zZt = HSt

Consider the complex generalized Schur/QZ decomposition:

QAZ = S is upper triangular
QBZ =T is upper triangular

Moreover, Q7 Q = Z" Z = I where superscript H denotes the Hermitian transpose. Define
the generalized eigenvalue A; as the ratio of the ith diagonal elements of T" and S. If A is
invertible, than A; is just the ith eigenvalue of W. If A is singular, some of its diagonal
elements are zero and the corresponding )\; is treated as infinite. It turns out there exists
a real QZ decomposition for every ordering of ;. Let S and T be arranged in such a way

that the stable (i.e. smaller than one) generalized eigenvalues come first and the unstable



(exceeding one and infinite) come last. Correspondingly, define the auxiliary variables
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where z§ are the stable transformed variables and x}" are the unstable transformed variables.
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Hence
AZE; [Z411] = BZ3 (4)

Premultiplying by Q gives a new system equivalent to (1)

sg | | Zop| (5)
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where S11 and Th9 are square and invertible by assumption. Hence, we can write
-1

Furthermore, the generalized eigenvalues associated with Soo and T5o are all unstable by

construction. Therefore, after solving forward, the solution for z} will explode unless
x¢ =0
Given our solution for z}', we have that
By [#f,1] = S Tz} (8)

where Sl_llTll is a stable matrix by construction. Defining é;11 = Z11 (fo — E [xfﬂ]) as

the error in expectations and under the important assumption that Z1; is invertible we can

Tiv | Sy 0 xy N Zi 0 Ett1 ()
o 0 0] av 0 0 0

write




and after premultiplying by Z

SH'Ti 0
0

Ty1 = Z ZHy, +

€ti1
0 ] (10)

From the definition of the transformed variables we have that

Ty
_ +
St41 = [ ASERVAD) } "
L1
zy
2 = { Zon Z } "
Ly
which leads to
1 1 ~
sip1 = Z11S;y T2y st + €1
-1
zZt = Z21211 St

The final step is to pin down the expectational error é€;y1, which is done by theoretical
motivations:

€1 = Fegq

The solution to the King et al. (1988) model is computed with the QZ decomposition in
the Matlab program rbcmodel2.m using the code provided by Klein (2000) (solab.m).



2 The Optimal Linear Regulator

Consider the following linear-quadratic control problem:

oo
max Eo Y B (5 Rs+ 2/ Qav + 5] Way + 2 W) (11)
Ftie=o t=0
s.t. Sgr1 = AS; + Bz + €t+1 (12)

Sp given

where superscript T' denotes the transpose, R and () are symmetric negative semidefinite
matrices and e;;1 is a vector of mean zero iid shocks with F [et+1e?+1] = Q. Assume the
value function is given by

V(§) =5"Ps+d

where P is a symmetric negative semidefinite matrix. Dropping the time subscripts, the

value function can be written as

§"Ps+d = max(3"R5+2"Qz+3" Wze+2"WT5+BE[(A5+ Bz+¢€)"P(A5+ Bz +¢') +d])
4

The first order condition is

z o 2TQ+2TQT +25TW + 28E(A5+ Bz + €)' PB =0
& Qz+WT54+ BEBTP(A5+Bz+¢)=0
& 2=—(Q+8BTPB) (WT +8BTPA)3

Plugging the solution for z into (12):
§ = (A-B(Q+8BTPB) (W +8BTPA)) 5+

We still don’t know P, however, plugging our solution for z into the value function, we get

that P must solve

§'Ps+d = §"Rs+§'FTQFs—3"WFs -3 FTwTs
+BE [((A— BF)3+¢)'P((A— BF)5 +¢) +d
= " (R+F"QF —WF — F"W" + B(A— BF)"P(A— BF)) 5+ EB [(¢)" Pe] + d



where F' = (Q + BBTPB)_1 (WT + BBTPA). Using the method of undetermined coeffi-

cients, we have that P and d must solve

P = R+FTQF -WF - F'W?T + 3(A— BF)'P(A - BF)
d = Bd+EB|[() P

and after some tedious algebra

P = R+BATPA+ (BATPB+W)(Q+ B'PB) " (BBTPA+WT)  (13)
B
= 1= Btr (PQ) (14)

Equation (13) cannot be solved analytically, but is under some regularity conditions straigth-
forward to solve numerically by iterating on the matriz Ricatti difference equation. Start

with an initial guess Py and then iterate
Pi = R+BATPA+ (BATPB+W) (Q+BTPB)  (BBTRA+WT)

until convergence. After finding P we can use (14) to solve for d, although it enters only

the value function and not the policy functions.

Now why is all this useful? It is useful because we can approximate the planner’s prob-
lem in our RBC model as a linear-quadratic problem such as (11). Recall the recursive

formulation of the planning problem in the simple RBC model

v(k,a) = max uw(Ae®k' "N +4,1 — N) + BE [v(K,d) | a]

st.i = kK —(1-0)k

/

a = pa—l—e'



Let 3 = [1,s]T = [1,k,a]T and let z = [N, i]. Consider a second order Taylor approximation

of u around the deterministic steady state:

Ut

Q

Q

Q

1 1
U+ us(sy —8) +uy(zg —2) + 5(5,5 — 5T ugs(sy — 5) + i(Zt —2)Tu,, (2 — 2)

1 B _ 1 _ _
+§(Zt - Z)Tuzs(St - 5) + §(St - )Tusz(zt - Z)
[ . } U—ugS — w2+ 3 (5T ugsS + 2702 + 2 U5 4 5T us2Z) 5 (us — 5 Uss — 27 usy)
S
k F(ul = ugs5 — ug.2) TUss

1

St

1
+ ithuzzzt

T _ _
zt+ =z [ uz — UypZ — UygS  Usys }
uSZ

Tpz o T Ty T = T
S RS + 8, Way + 2, W5 + 2z, Qe

The solution to the King et al. (1988) model is computed using the optimal linear regulator

in the Matlab program rbcmodel3.m. Note that in the matlab program, the approxi-

mation is linear instead of loglinear. You can read about the optimal linear regulator in

Ljunqvist & Sargent (2004).
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