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Figure 1: Definition of Monetary Aggregates

M1 1392.3
Currency 7418
Travelers' checks 6.9
Demand deposits 327.0
Other checkable deposits 3166
M2 6775.2
Components of M1 1392.3
Savings deposits, including MMDAs 3602.7
Small-denomination time depaosits 1050.2
MMMFs (noninstitutional) 730.1
Note: Numbers may not add to totals shown owing to rounding.

Source: Federal Reserve Statistical Release H.6, June 22, 2006.

Data are not seasonally adjusted.

1 Monetary Facts

The previous chapter presented models with no role for money and no predictions for
nominal variables. In this chapter we will analyze models that incorporate monetary factors
that allow for the analysis of price-level determination, inflation and monetary policy and
have implications for the behavior of nominal variables in the short and long run. The
broad question that these models aim to address is whether money matters.! Cooley and

Hansen (1989) give this fundamental question three different interpretations:

e Do money and the form of the money supply rule affect the nature and amplitude of

the business cycle?
e How does anticipated inflation affect the long-run values of macroeconomic variables?
e What are the welfare costs associated with different money supply rules?

Early business cycle models that have addressed these questions have been heavily inspired
by the monetarist tradition initiated by the empirical and theoretical work of Milton Fried-
man and Anna Schwartz, which attributed a great role to money for generating cyclical
fluctuations. In this chapter we will address these questions in various flexible-price dy-

namic stochastic general equilibrium (DSGE) models.

'For the definitions of the most common monetary aggregates, see Figure 5.



Here are some monetary facts, which one should stress do not suggest any direction of

causation whatsoever:

1.1 Long run monetary facts

e Growth rates of monetary aggregates and inflation are extremely highly and positively
correlated across countries and within countries in the long run, regardless of the
definition of money. In the long run, there is a one-to-one relationship between money

growth and inflation.

e Long-run average growth rates of monetary aggregates and real output are not corre-
lated across most countries. However, this fact is not entirely robust across subsam-
ples of countries. McCandless and Weber (1995) find a positive relation for OECD

countries and a negative relation for Latin American countries.

e McCandless and Weber (1995) find that inflation rates are not correlated with real
output growth across countries. Other studies present some evidence for a slight

negative correlation.



Figure 2:  Correlation of money growth and inflation, source: McCandless and Weber
(1995)

Table 1
Correlation Coefficients for Money Growth and Inflation*
Based on Data From 1960 to 1990

Coefficient for Each
Definition of Money
Sample MO M1 M2
All 110 Countries 925 958 950
Subsamples
21 OECD Countries 894 940 958

14 Latin American Countries 973 992 993

*Inflation is defined as changes in a measure of consumer prices.
Source of basic data: International Monetary Fund

Table 2
Previous Studies of the Relationship Between Money Growth and Inflation

Study Characteristics
Time Series
Author Time Data o
(and Year Published) Money Inflation Countries Period Frequency Finding
Vogel (1974) Currency + Consumer 16 Latin 1950-69 Annual Proportionate changes in inflation
Demand deposits  prices American rate within two years of changes in
countries money growth
Lucas (1980) M1 Consumer United States 1955-75 Annual Strong positive correlation:
prices Coefficient closer to one the more
filter stresses low frequencies
Dwyer and Hafer na. GDP 62 countries 1979-84 Five-year Strong positive correlation
(1988) deflator averages
Barro (1990) Hand-to-hand Consumer 83 countries 1950-87 Full-period Strong positive association
currency prices averages
Pakko (1994) Currency + Consumer 13 former 1992 and Four-quarter Positive relationship
Bank deposits prices Soviet republics 1993 averages
Poole (1994) Broad money na. All countries in 1970-80 and Annual Strong positive correlation
World Bank tables 1980-91 averages
Rolnick and Weber Various Various 9 countries Various Long-period Strong positive correlation
(1994) averages for fiat money regimes

n.a. = not available




Figure 3: Correlation of money growth and real output growth, source: McCandless and
Weber (1995)

Table 3

Correlation Coefficients for Money Growth
and Real Output Growth*

Based on Data From 1960 to 1990

Coefficient for Each
Definition of Money

Sample MO M1 M2
All 110 Countries =027 -050 -.014
Subsamples

21 OECD Countries 707 .51 518

14 Latin American Countries =171 =239 -243

*Real output growth is calculated by subtracting changes in a measure of consumer
prices from changes in nominal gross domestic product.

Source of basic data: International Monetary Fund

Table 4
Previous Studies of the Relationship Between Money Growth and Real Output Growth

Study Characteristics
Time Series

Author Time Data
(and Year Published) Money  Output Countries Period Frequency Finding
Kormendi and M1 Real GDP 47 countries 195077 Period Negative correlation
Meguire (1985) averages
Geweke (1986) M2, NNP, industrial ~ United States 18701978, Annual, Money superneutral

M1 production Postwar period ~ monthly
Dwyer and Hafer na. Real GDP 62 countries 1979-84 Five-year Slight negative correlation
(1988) and GNP averages (not statistically significant)
Poirier (1991) M1 Real GDP 47 countries 1873 Annual Money neutral in some countries,

not in others

n.a. = not available




Figure 4: Correlation of inflation and real output growth, source: McCandless and Weber

(1995)

Table 5

Correlation Coefficients for Inflation
and Real Output Growth*

Based on Data From 1960 to 1990

Coefficient With Outlier**

Sample Included  Excluded
All 110 Countries —-.243 -101
Subsamples
21 OECD Countries 390 390
14 Latin American Countries — -.342

*Inflation is defined as changes in a measure of consumer prices. Real output
growth is calculated by subtracting those inflation rates from changes in nominal

gross domestic product.
**The outlier is Nicaragua.

Source of basic data: International Monetary Fund

Table 6

Previous Studies of the Relationship Between Inflation and Real Output Growth

Study Characteristics
Time Series
Author Number of Time Data
(and Year Published) Inflation Output Countries Period Frequency Finding
Fischer (1983) na. na. 53 1961-73, Annual Negative contemporaneous
1973-81 relationship; positive correlation
with one lag
Kormendi and Consumer Real GDP 47 195077 Period Negative correlation
Meguire (1985) prices averages
Fischer (1991) GDP deflator ~ GDP 73 1970-85 Annual Negative relationship
Altig and Bryan (1993) GDP deflator  Per capita 54and 73 196088 Annual Negative correlation
GDP

Ericsson, Irons, GDP deflator ~ GDP 102 1960-89 Annual Weak negative correlation
and Tryon (1993)
Barro (1995) Consumer Per capita 78, 89, 1965-90 Five- or Negative correlation

prices real GDP and 84 ten-year

averages

n.a. = not available




1.2 Short run monetary facts

e MO (= the monetary base, i.e. currency in circulation + total reserves held by banks),

M1 and M2 are all pretty volatile and procyclical.

e MO, M1 and M2 velocities are all volatile and procyclical. Note the velocity of money
V is
V =PY/M

where PY is nominal GDP and P is the price level.

e MO, M1 and M2 lead real output (see Friedman and Schwartz (1963)). Stock and Wat-
son (1999) find the log level of nominal M2 is procyclical with a lead of two quarters,
and the nominal monetary base is weakly procyclical and also leading. In contrast, the
growth rates of nominal M2 and the nominal monetary base are countercyclical and
lagging. Kydland and Prescott (1990) disagree that monetary aggregates are leading

indicators (monetary myth).

e Stock and Watson (1999) find that the cyclical component of the price level, measured
for instance by the CPI, is countercyclical and leads the cycle by approximately two
quarters. The cyclical components of inflation rates instead are strongly procyclical
and lag the business cycle. The nominal wage index exhibits a pattern quite similar
to the CPI price level. Real wages have essentially no contemporaneous comovement

with the business cycle.

e Growth rates of monetary aggregates and inflation are not correlated in the short run,

except in episodes of hyperinflation, during which the relationship is one-to-one.

e Short term nominal interest rates are procyclical.



Figure 5: source: Kydland and Prescott (1990)

Table 4
Cyclical Behavior of U.S. Monetary Aggregates and the Price Level

Deviations From Trend of Money Stock, Velocity, and Price Level
Quarterly, 1954~1989

Cross Correlation of Real GNP With

Volatitity
Variable x (% Std. Dev.) -5 x4 x(=3)  x(t2)  x{(i-1) pifi] X)) X2 «H3) x4 x({tH5)
Nominal Money Stock*
Monetary Base 0.88 ~—0.12 0.02 0.14 0.25 0.36 041 0.40 0.37 0.32 0.28 0.26
M1 1.68 0.01 0.12 0.23 0.33 0.35 0.31 0.22 0.15 0.09 0.07 0.07
M2 1.51 0.48 0.60 067 068 0.61 0.46 0.26 005 —015 —033 —046
M2 - M1 191 0.53 063 067 0.65 0.56 0.40 020 -001 021 —039 —053
Velocity*
Monetary Base 1.33 —0.26 —0.15 0.00 022 0.40 0.59 0.50 0.37 0.22 008 —0.08
M1 2.02 -024 —019 —012 —001 0.14 0.31 0.32 0.27 0.20 0.10 0.00
M2 1.84 —063 —059 —048 029 —005 024 0.34 0.40 0.43 0.44 043
Price Level
Implicit GNP Deflator 0.89 —050 —061 —068 —069 —064 =031 —017 —0.04 0.09
Consumer Price Index 1.4 —052 —063 070 —072 —0.68 —024 —0.05 0.14 0.30

*Based on quarterly data, 1959:1-1989:4.
Source of basic data; Giticorp’s Citibase data bank



2 Monetary Models

The fundamental problem in monetary models is how to model the demand for fiat money.
Seeing fiat money as an asset, it may assume the role as a store of value. However, money is
almost always dominated in return by other assets. A second potential motive for holding
money is as a unit of account, but any other good can serve that purpose. A third, more
plausible reason for holding money is that it facilitates economic transactions as a medium
of exchange, for instance by avoiding the double coincidence of wants. Although there is a
sizeable literature in which money fulfills one of the above roles in very well-specified way,
many macroeconomic business cycle models take a more ad-hoc approach. This chapter
covers three widely used models: the Money-in-Utility (MIU) model, the Cash-in-Advance
(CIA) Model and the Shopping Time (ST) Model

2.1 A Money-in-the-Utility (MIU) Model
2.1.1 A Basic MIU model

Households The economy is populated by a representative household with preferences
represented by

)

U=FEy» fu(Cim),0<B<1 (1)

t=0
where Cy > 0 is commodity consumption in period t, m; = %t is the real value of money
holdings, M; > 0 denotes nominal money balances and P, is the nominal price level. Assume
that u. > 0 and u,;, > 0 and that u(C,m) is strictly concave in both arguments, twice
continuously differentiable and satisfies lim,,,—q t,,, (C, m) = co. Note that (1) implies that,
holding constant the path of real consumption C; for all ¢, the individual’s utility is increased
by an increase in real money holdings. Even though the money holdings are never used to
purchase consumption, they yield utility. The household supplies its unitary endowment of
time inelastically in the labor market.

The final good can be either consumed or used for investment, i.e. it can be added to

the capital stock Ky, which evolves according to
Kt+1:It—|—(1—5)Kt,0<(5<l (2)

where I; denotes gross investment.

10



The household’s period budget constraint is:

B, M, Bi_1 My Ty
Co+Li+—+—5 < K+ (1+ R —
vHlit 5t Swt t+ (14 Riq) 5 T B B

or
1+ Ri mg—1
Ci+1;+0b < K+ ———b,_
t 1 + 0 +my < wy + ey + 1+ t1+1+77t

+ 1

where by = %t > —b denote real holdings of a one period uncontingent government issued
bond, R; is the nominal interest rate on the bond, t; = % denote any real lump-sum
transfers by the government and 7; is the rate of inflation.? Without loss of generality,
we abstract from modeling the market for firms’ shares (see previous chapter). The assets
available to the households are physical capital, government bonds and money balances.

The household’s problem is to choose the real quantities {Cy, by, my, Ki41}52, to maximize
(1) subject to the law of motion for capital, the budget constraints and taking as given
inflation and nominal interest rates {m:, R:}72, as well as the real factor prices {wy, r+}52,
the real transfers {t;}7°, and the initial capital stock Ky and initial real bond and money

holdings and nominal interest rate b_;,m_y, R_1.?

Firms There is only one final good in the economy that is produced by firms according

to a production technology given by
Y; = Ay (K (V)

where K{i is the capital input and Ntd is labor input, which are rented in competitive
markets at real prices w; and r; respectively. Total factor productivity evolves according to

the following stochastic process,

At = Ae“t

ar = plag_1+€f (3)

where € is a white noise random variable with standard deviation of and 0 < p* < 1

measures the shock persistence. The firm’s problem in each period ¢ is to choose N; and

2Note the constraint b; > —b on bond holdings, which is a sufficient condition to exclude Ponzi-scheme
solutions to the households’ problem. For discussion, see Wouter Denhaan’s lecture notes.

3We abstract from the labor leisure choice since it is assumed that the household supplies one unit of
labor inelastically.
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K, to maximize real profits
Y; — K — wy N

taking the factor prices as given.
Government The government is the monopoly supplier of money, which it uses to finance

the lump-sum transfers and the net debt obligations to the household. The government

budget constraint is therefore

Mf M, B T, B,
et H 2t b L 14+ R,
P P 2 Aa+(4_t1)a
or
s_ Mot e 1Ry,
t T 1+, t 1+, -1 t

According to this government budget constraint, the transfers T; to the households and

the interest payments R;_1B; | on outstanding government debt must be funded either by

s
t—1

L. . B;—-B .
additional borrowing tT or by expanding the real money supply

MP—Mg y o s
——p,— (“printing

money”, “seigniorage”). For now we will assume for simplicity that B_; = 0 and B} = 0

for all ¢, such that the government budget constraint reduces to

S
my_q
1+ m

tt:mf—

Assume that the growth rate of the money supply in deviation of the steady state growth

rate, denoted by 6; = Mj\ﬁl — p — 1, is exogenous and evolves according to

0 = ,0091571 + Ef

where ;1 > 0 is the average growth rate of the money supply, €/ is a white noise random

variable with standard deviation ¢? and 0 < p? < 1 measures the shock persistence.

Equilibrium An equilibrium is defined as an infinite sequence of allocations of consump-
tion, capital, labor inputs and real bond and money holdings and a system of price sequences

containing the real factor prices, a nominal interest rate and inflation such that for all ¢:
e The goods market clears: C; + I; = Y;
e The market for money clears: m; = my

e The bond market clears: b = b; =0

12



e The factor markets clear. K = K; and N¢ = 1.
e The government satisfies its budget constraint.

and the households and firms solve their respective problems for every sequence of innova-

tions to productivity and the money growth rate.

Money Demand In equilibrium, the following conditions must be satisfied in every pe-

riod ¢t at an interior solution:

—uc(Cr,my) + BE; [uc(CtH,mHl) ((1 —a)A 1 K5+ 1 - 5)] =0 (4a)
1+ R
—uc(Cy,my) + BE; |:Uc(ct+17 mt+1)1t} =0 (4b)
+ 41
1
um(C’t,mt) + BE; |:UC<Ct+17 mt+1)1] - uc(ctvmt) =0 (40)
+ T

together with C; = Athl "%+ (1 -9)K; — K¢41 and the government budget constraint.
Equation (4a) is the familiar Euler equation describing the optimal consumption-investment
choice, (4b) is the bond Euler equation, (4c) is the money demand equation.

The transversality conditions are

lim AT Fy [uc(Crymr)Kr41] = 0
T—o00

lim BT E; [uc(Cr,mp)br] = 0
T—o00

lim 87 E; [uc(Cr,mp)mr] = 0
T—o0

Let’s have a closer look at the money demand equation:

1
U (Cy,my) = —BE; [uc(Ct+1,mt+1)1+7T1
t+

um(ctamt) —1- BE, |:Uc(0t+lamt+1) 1 }

} + uc(C, my)

ue(Cy, my) ue(Cy,my) 14 mqn
um(Ct, mt) 1

— by (4b
uC(C't, mt) 1 + Rt Y ( )
Um(ctamt) _ Ry (5)
uc(C't, mt) 1 -|- Rt

The term fﬁt constitutes the “price of money” in the sense that it is the dollar opportunity
cost of holding an additional unit of money. Instead the household could purchase a bond

and earn interest tomorrow, the real present value of which today is 5 fﬁt. Equation (5)

13



implicitly defines the money demand and taken together with the exogenous money supply
process may remind you of the “LM curve” describing money market equilibrium in under-
graduate macro. Similarly, you can think of (4a), (4b) together with the resource constraint

as determining a dynamic version of the “IS curve” describing goods market equilibrium.

The Deterministic Steady State Consider for a moment a different version of the

model in which there are no stochastic shocks. In a deterministic steady state
B(1-a)AK™*+1-0) = 1 (6)

The steady state level of capital, consumption, investment and output in the nonstochastic
model are determined by equation (6), the law of motion for capital [ = §K,Y = AK!~@
and the resource constraint C'+ I = Y. They are independent of any utility parameter
other than 8 and do not depend on the rate of inflation or the money growth rate.

Next, note that to ensure that a steady state monetary equilibrium exists in which m > 0

is constant, there must exist a positive value of m that solves

_ I} _—
um (C,m) = (1 - m uc(C,m)
Depending on the instantaneous utility function, there might be no solution, a unique
solution or even multiple solutions. Consider for instance the simpler case where utility is
additively separable, such that u(C,m) = u*(C) + u?(m) and

W2 (m) = (1 _ 1fu> W(C) >0

A unique solution where m > 0 exists given that our earlier assumptions imply that

lim,,, o u2,(m) = oo, u2,, < 0 and provided there exists some m such that u2 (/) <
< - %) ul(C). In order to analyze the dynamics of the nominal price level around the

14



deterministic steady state, consider that

L 1/~ _ LA o2
1+7rt+1uC(C) = UC(C) um(mt)
ﬁ;ﬂui(é)MH—l = (ui(C_') — u%@(mt» My

/3 1/~ Mt+1 Pt+1

— (WO — 2 (my My
T e Op g = (el —unlm) A +m) 5
1 f_ Mu}l(é)mtﬂ = (ue(C) = up, (me)) m
U2 my
Mgl = ! —;M <1 - zﬁ((C))> my = O(my) (7)

Price level determinacy for a given exogenous path of the money supply M; depends on
the properties of the function ®. First notice that we can rule out any price paths solving
equation (7) that lead to ms going to infinity for s — oo because of the transversality
condition. This rules out solutions where the price level does not grow at least at the
same rate as the money supply, or in other words, inflation is at least the money growth
rate. Suppose J}Lno@(m) < 0 (or equivalently T}Liinou,%lm > 0), then given all our earlier
assumptions, there can only exist one solution, since real money balances cannot be negative.
In this case, the price level P; is determined, and as a jump variable, always adjusts such
that m = m > 0. However, if %iglou%m = 0 such that nlliglo@(m) = 0, there exist price
paths for which money balances are positive for all s and where ms — 0 as s — 0. These
solutions, where inflation exceeds the rate of money growth, are characterized by speculative
hyperinflations. They differ from regular hyperinflations because they are not caused by
high growth rates of the money supply. The steady state price level and inflation rates
are not determined in those cases. Unfortunately, the condition 7lLiI_I)lou?nm > () necessary to
rule out these hyperinflationary solutions implies that nl@igﬁlﬂ(m) = —00. Money must be
such an important good that utility goes to minus infinity when real balances drop to zero!

Nevertheless we will assume that this condition is satisfied, unless otherwise mentioned.

Consider the following definitions:

e Neutrality: A model has the property of neutrality when a once and for all change
in the level of the money supply changes the price level proportionally such that real

money holdings are constant.

e Superneutrality: A model has the property of superneutrality when a change in the

growth rate of the money supply only affects real money balances but leaves all other

15



real variables unchanged.

The MIU model without stochastic shocks displays long run superneutrality because

the money growth rate p does not affect the steady state level of capital, output and

consumption. Note however that except for very specific utility functions, there is non-

superneutrality during the transition to the steady state. The MIU model without stochas-

tic shocks also displays monetary neutrality both in the long and short run. Monetary

neutrality is a general property of flexible price monetary models. In a later chapter, we

will see models with nominal rigidities (sticky price models) in which money is not neutral.

Dynamics in the stochastic model Consider again the stochastic model, in which

there are random innovations to productivity and monetary growth. We will consider the

following parametrization of the utility function

l1—0o 1—x
-1 m -1
w(Cryme) = tl—a e tl—X

where o > 0, x > 0, ¢ > 0. The first order necessary conditions are

—C77+ BE [CLA (1 — o)A K S +1-6)] =

_ . 1+ R
O~ ° 1 BE o - T %
Cro 48 t[Cf“Hml]
_ R; _

X _ g =
¢mt 1+ Ry ¢

AK Y+ (1= 0)K; — Kiy1 =

where
M
=1 )
M, +pt+ 6
0 = ,0991&—1 + Gf
log(A)) = (1 —p®)log(A) + p*log Ay—1 + €f

16
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The loglinearized dynamics around the deterministic steady state are described by

—O'ét = —O'Etét+1 + (1 — ﬂ(l — 5)) Et<at+1 — a/;?t_’_l) (9&)
—0¢ = —0Eiéri1 + Ry — By (9b)

. R B > -
- =—0é+|—|R 9c
Xy 0Ct <1+M—5 t (9c)

. S~ 1-9)\ -

ScCt + gkt+1 = a¢ + (1 — Oé) + SZ‘T k¢ (gd)
’rﬁt = Tht_l - 7ATt + Qt (96)
0, = p%0,_1 + € (9f)
a; = pPa;_1 + € (9g)

Watch out: for the nominal interest and inflation rate, we deviate from our standard defi-
nition of the hat variables and define R; = (R; — R)/(1 + R) and #t; = (m; — @) /(1 + 7).

Calibration The following parameters appear in the equations characterizing the model
dynamics in the neighborhood of the deterministic steady state: o, S8, d, o, A, pa, 0%

¢, X, 1, PP, o?
chapter, and hence we will adopt the same values as before: o = 0.58, 8 = 0.988, § = 0.025,

. Some of these parameters are familiar from the RBC model of the last

oc=1p, =09 and 0, = 0.01. A is chosen such that the steady state level of output is
unity. However, we need to choose values for the new parameters ¢, x, u, p? and o that
characterize money demand and the exogenous process for the money growth rate. Using
M1 as their money measure, Cooley and Hansen (1989) estimate the following process for

money growth using data with quarterly frequency:
Alog(M;) = 0.00798 + 0.481Alog(M;—1)

and ¢’ = 0.009, which implies that p’ = 0.481 and 14+ p = 1 + % = 1.015, i.e. a
quarterly rate of money growth of 1.5%. An important parameter for the model dynamics

is x. Note that we can write the loglinearized version of money demand as

m_aé_1<B>R
Tt x\ap-5)"

The interest rate elasticity of money demand is therefore —i (w%,@) The empirical

money demand literature however usually focuses on the interest rate semi-elasticity of

17



Figure 6: Response to a +1% technology shock
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This expression takes into account that the time period of the model is a quarter, whereas the
elasticity is measured with respect to the annualized interest rate. Many studies estimate
different absolute values for the interest rate semi-elasticity of money demand, usually
ranging from < 1 (x > 10) up to 8 (x ~ 1). We will take an intermediate value of
x = 1/0.39, which is the estimate of Chari, Kehoe and McGrattan (2003). Finally, ¢ is
chosen in order to match velocity v = % (i.e. the average ratio of nominal GDP to M1) of

about 1/0.16 from the steady state money demand relationship

=\ X
- (3) etisste
The model is solved in MIUmodel.m using the QZ decomposition. Figure 6 displays
the impulse responses of the key macroeconomic variables to a 1% positive innovation in
technology, and Figure 7 shows the impulse responses to a 1% positive innovation in money
growth.
The first noteable feature of the model is the classical dichotomy. The real allocations

are independent of monetary shocks (short-run superneutrality). Notice that equations
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Figure 7: Response to a +1% money growth shock
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(9a), (9d) and (9f) describe the dynamics of consumption and capital independently of the
other equations. After a technology shock, the response of inflation, real money holdings,
nominal interest rates and money velocity are consistent with the data. Besides the lack of
real effects after a monetary expansion, there are two other dimensions in which the model
does poorly. First, there is no dominating “liquidity effect” after a monetary expansion,
which means that because of higher expected inflation, an increase in money supply growth
leads to higher instead of lower nominal interest rates. Second, inflation is not persistent
given our (realistic) choice for p?. These two shortcomings together with the lack of real
effects are inconsistent with most of the empirical literature on monetary shocks that will
be discussed in the next chapter. A final unattractive feature is that, when we introduce
technological progress, the model is inconsistent with balanced growth unless y = . To
see why, note that in the money demand equation (8¢c), growth in consumption cannot be
reconciled with growth in real money balances in a way that leads to a stationary velocity

of money.
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2.1.2 An Extended MIU model with Nonseparable Preferences and Elastic
Labor Supply

This section addresses some of the weaknesses of the basic MIU model by introducing an

elastic labor supply and by assuming non-separable preferences of the form

1 l1—0
(et omt) ™ - nayr)
u(Cy,my, 1 — Ny) =

1—0

Because consumption and real money holdings are no longer separable, changes in m; will
in general affect the marginal utility of consumption and leisure. These preferences are
also appealing because they are consistent with balanced growth. The first order necessary

conditions are now

X—ag
N+ (C}‘X + ¢>mt1‘><) Y (1= Ny)nerx = g
K\ © .
_)\t + ﬂEt )\t+1 (1 - OL)At+1 N +1-— 1) = 0
t+1
= K\
- (CQ*X + ¢m§*><) (1= Ny N A, <NZ) =0
14+ Ry
XN+ BB [ AMp1—————| = 0
t+ B t[ t+11+77t+1:|
¢<7gt>_x_1Rt =0
t + Ry
Athlfotha + (]. - (S)Kt - Kt+1 = Ct

Deterministic Steady State Note that now the deterministic steady state levels of
capital, output, etc. are no longer independent of the money growth rate. The reason is
that labor supply is now affected by real money balances. The optimality condition for the

labor-leisure can be written as

C} X+ ¢my X
(1—Ny)Cy*

:wt

where w; is the real wage. Unless y = 1, the steady state level of real balances, which in
turn depends on the average money growth rate p through the money demand equation,
changes the steady-state labor supply. Higher p lowers the real demand for money, which
as long as x > 1 raises the marginal utility of leisure relative to the marginal utility of
consumption. Therefore higher i and higher steady state inflation lowers labor input and

output in the deterministic steady state. Money is no longer superneutral.
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Dynamics in the stochastic model The loglinearized dynamics around the determin-

istic steady state are now described by

A= —(l-ops iVNm + (—x + c%) &+ (W
M = Edgi+ (1—B(1—=0))Ei(ars1 — akypr + angy)
w— (=i + (- o)k = i+ {x + 6(117; f);;lxx} ¢t [éﬁ;’ﬁ%ﬂ n
A= Et5\t+1 + R - Eyfte g
SeCr + %kt-&-l = a;+ <(1 —a)+ 811(55) ky + afy

my = My, — T+ 6

0, = peﬂt_1 + Ef

ar = plag_1 +e€f

Calibration We will adopt the same values as before: o = 0.58, 8 = 0.988, § = 0.025,
o=1,p, =009, 0, =0.01, p =0.481, ¢ = 0.009 and 1 + p = 1.015. A is chosen such
that the steady state level of output is unity. We chose n such that N = 0.20. As before,
¢ is chosen in order to match the average M1 velocity of about 1/0.16 and x = 1/0.39.

The model is solved in MIUmodel2.m using the QZ decomposition. Figure 8 displays
the impulse responses of the key macroeconomic variables to a 1% positive innovation in
technology, and Figure 9 shows the impulse responses to a 1% positive innovation in money
growth.

The impulse responses to a technology shock are very similar to those of the standard
RBC model. This is despite the fact that there is no longer a classical dichotomy. Since
real money balances affect the marginal utilities of consumption and leisure, they also affect
the investment and labor decision. That money is no longer superneutral in the short run
with nonseparable preferences is also clear from the fact that the real variables respond
to the monetary shock. However, the real effects of a monetary expansion are very weak
quantitatively. A monetary expansion reduces output and the response of investment has
the opposite sign of the output response. As before, there is no dominant liquidity effect
and inflation is not persistent after a monetary innovation.

You can verify that whether consumption, output and hours decrease or increase after a
positive money growth shock is determined by the size of x. If y > 1 and the interest rate

elasticity is relatively low, then a decrease in m; after a monetary expansion increases the
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Figure 8: Response to a +1% technology shock
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marginal utility of leisure relative to consumption, which lowers labor supply and output.
If x < 1 and the interest rate elasticity is relatively high, then a decrease in m; after a
monetary expansion lowers the marginal utility of leisure relative to consumption, which

increases labor supply and output.

EXERCISE: Consider the environment above, but suppose now that the household’s

utility function is

l1—0o
1— 1— 1—x
Ct X + ¢mt X) * " 9[(1 - Nt)l—ﬂ
1—-0 1—n

u(Ct,mt, 1-— Nt) = (

1. Write down the equilibrium conditions.

2. Analyze the deterministic steady state and explain whether/why there is long-run

nonsuperneutrality. Are these preferences consistent with balanced growth?

3. Loglinearize the equilibrium conditions and explain whether/why there is short-run

nonsuperneutrality.

4. Calibrate the model assuming that o = 5, x = 1/0.39 and n = 5. Analyze the

dynamics after an innovation in money growth.

5. Verify that whether consumption, output and hours decrease after a positive money

growth shock is determined by the sign of u.y,, and explain.
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2.2 A Cash-in-Advance (CIA) Model

This section incorporates an alternative way of modeling money by assuming a cash-in-
advance (CIA) constraint. One example of this approach to modeling money is Cooley and
Hansen (1989).

Environment The economy is populated by a representative household with preferences

represented by
U=FEy» Bu(Ci,L),0<8<1 (12)

where C; > 0 is consumption in period t and L; denotes time devoted to leisure. As in King

et al. (1988), assume that the household has instantaneous utility:

Gl g1

l1-0o (13)
log(Cy) +v(Ly) ifo=1

U(Ct, Lt) = {
and that the time constraint is Ly = 1 — N;. The representative household enters every
period ¢ with nominal money balances M;_1. In addition, these balances are augmented by
a lump-sum money transfer by the government 7;. The key assumption in the CIA model
is that households are required to acquire money balances to purchase goods intended for

consumption. The household’s consumption choice must satisfy the constraint:
PCy < My1+Th

or equivalently

me—1
C; <

t 14
1+7Ft+t ( )

The households period ¢ budget constraint is

By M; By M, _ T;
Ct+1t+7+7<tht+7"th+(1+Rt 1) = 1 !

P P P, P PR
or equivalently
1+ R me_
Ct+[t+bt+mtStht—FT'th—i-itlbt_l—l- t-1 + 1
1+7Tt 1+7Tt

and as before, the law of motion for the capital stock is

Kt+1:It—|—(1—5)Kt,0<5<1
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where I; denotes gross investment. The household’s problem is to choose the real quantities
{Cy, b, my, Ny, Ky 11352, to maximize (12) subject to by > —b, the law of motion for capital,
the CIA constraints and the budget constraints and taking as given inflation and nominal
interest rates {m, R }72, as well as the real factor prices {wy, r¢}52, the lumps sum transfers
and the initial capital stock Ky and real bond and money holdings and nominal interest
rate b_1,m_1, R_1. The behavior of the firms and the government as well as the definition

of equilibrium are identical to the MIU model.

Money Demand In equilibrium, the following conditions must be satisfied in every pe-
riod ¢ at an interior solution, i.e. under the assumption that the CIA constraint is always

binding:
)\t —UC(Ct71 —Nt)+Et = 0 (15&)
K —
=\t + BE; [ A1 ((1 —a)Arn (Ntﬂ> +1- 5)] = 0 (15b)
t+1
K -«
—u(C, 1 = Np) + AaAy (Nt> = 0 (15¢)
t
1+ R;
A Ei [ Aj1———| = 0 15d
t+ 5 tl:t+11+ﬂ_t+1:| ( )
1
-t + BE; [ue(Ciiq,1 — N, — =0 15
t + BE: [U( t+1 t+1)1+ﬂ_t+1} (15e)
Ot = my (15f)

together with Cy = A, K} N + (1 — 6)K; — Ki11.

Equation (15a) links the marginal utility of wealth A; to the marginal utility of con-
sumption. Note that both are no longer identical: the marginal utility of consumption
exceeds \¢ by Z; > 0, the value of liquidity services. Z; is the multiplier associated with
the CIA constraint. Equation (15b) is the familiar Euler equation describing the optimal
consumption-investment choice, (15¢) describes the optimal labor leisure trade-off, (15d)
is the bond Euler equation, (15e) is the money demand equation, and (15f) is the CIA
constraint. Note that (15a), (15d) and (15e) imply that =411 = 0 whenever Ry = 0. A
requirement for an interior solution in which the CIA constraint binds is that the nominal

interest rate is strictly positive! The money demand equation reduces to

= R
B 11 ]: ty
b tL—HTtH 1+ R

which states that the marginal benefit of holding money (i.e. the expected liquidity services
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R
1+R¢”

provided tomorrow) equals the opportunity cost

The Deterministic Steady State First note that unlike in the MIU model, the CTA
constraint rules out speculative hyperinflations and 7 = p. Second, the steady state values of
capital, consumption, investment, labor input and output in the deterministic CIA model
with elastic labor supply are different from those in the corresponding RBC model, and
will depend on the money growth/inflation rate in the steady state. As in the extended
MIU model, the deterministic CIA model with elastic labor supply displays long-run non-
superneutrality. The key reason is that a binding CIA constraint and therefore = > 0
distorts the labor supply decision:

w(C,1—N) <u.(C,1 - N)w (16)

since A\ = %uc(é, 1 - N) < u.(C,1 — N). The higher the money growth rate ju, the
lower the marginal value of the real wage, and therefore the lower the labor supply. Had
we assumed an inelastic labor supply, the CTA model would be superneutral as in the basic
MIU model. Finally, note that the requirement of a positive nominal interest rate requires
_ 1
1+R=-—""">1
g
Dynamics in the Stochastic Model The loglinearized dynamics around the determin-
istic steady state are described by

A= Etxmf (1= B(1 —06)) E(ars1 — akyr + afgsr)
aw—1—a)+(1—a)ki+MN = —& 1 iVNﬁt + &icle

A= Etj\t-&-l + R — Etfzt+1

M = 0B — gcl%Etﬁt+l — Byt

G = 1y

scét+%l%t+1 = a + ((la)+si1;5) ky

my = my_1 — T+ 0,

0, = pP0,_1+é

ag = pag_1+e€f

Calibration We will adopt the same values as before: o = 0.58, 8 = 0.988, § = 0.025,
o=1, pa=0.9, 04 =0.01, p =0.481, 0% = 0.009 and 1+ = 1.015. A is chosen such that

26



Figure 10: Response to a +1% technology shock
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the steady state level of output is unity. We set v(L) = 6;log(L) and chose 6; such that
N = 0.20. Our assumptions imply that £; = &, = 0 and &; = —1. The model is solved
in CIAmodel.m using the QZ decomposition. Figure 10 displays the impulse responses of
the key macroeconomic variables to a 1% positive innovation in technology, and Figure 11
shows the impulse responses to a 1% positive innovation in money growth.

Monetary shocks have a sizeable but opposite effect on consumption and investment,
but only weak effects on output or hours. However, Cooley and Hansen (1989) show that
the implications for the business cycle moments are only minor, see Figure 12.* Note that,
unlike in the MIU model, the decrease in m; after a monetary expansion always increases
the marginal utility of consumption, increases the demand for leisure and therefore lowers
the labor supply and output. As in the MIU model, there is no dominant liquidity effect

and inflation is not very persistent after a monetary innovation.

4The results of Cooley and Hansen (1989) are not directly applicable to the model in the notes because
of differences in calibration, most importantly of the value of the labor supply elasticity.
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Figure 11: Response to a +1% money growth shock
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Figure 12: Source: Cooley and Hansen (1989)

TABLE 1 —STANDARD DEVIATIONS IN PERCENT AND CORRELATIONS WITH OUTPUT FOR

U.S. AND ARTIFICIAL ECONOMICS

Quarterly U.S. Time Series®
(1955.3-1984.1)

Economy with Constant
Growth Rate (g = 0.99-1.15)°

Standard Correlation Standard Correlation
Series Deviation with Output Deviation with Output
Output 1.74 1.00 1.76 (0.22) 1.00 (0.00)
Consumption 0.81 0.65 0.51 (0.07) 0.87 (0.02)
Investment 8.45 0.91 5.71 (0.74) 0.99 (0.00)
Capital Stock 0.38 0.28 0.48 (0.09) 0.07 (0.07)
Hours 1.41 0.86 1.34 (0.18) 0.98 (0.00)
Productivity 0.89 0.59 0.51 (0.07) 0.87 (0.03)

. CPI 1.59 —0.48 _

Price Level { GNP Deflator 0.98 053 0.51 (0.07) 0.87 (0.02)

Economy with Autoregressive
Growth Rate (g =1.015)°

Economy with Autoregressive
Growth Rate (g =1.15)°

Standard Correlation Standard Correlation
Series Deviation with Output Deviation with Output
Output 1.73 (0.22) 1.00 (0.00) 1.74 (0.22) 1.00 (0.00)
Consumption 0.62 (0.07) 0.72 (0.07) 0.65 (0.07) 0.70 (0.05)
Investment 5.69 (0.76) 0.97 (0.01) 5.69 (0.77) 0.97 (0.01)
Capital Stock 0.48 (0.10) 0.06 (0.07) 0.48 (0.10) 0.06 (0.06)
Hours 1.33 (0.17) 0.98 (0.01) 1.33(0.17) 0.98 (0.01)
Productivity 0.50 (0.07) 0.87 (0.03) 0.50 (0.07) 0.87 (0.03)
Price Level 1.70 (0.34) —-0.27 (0.16) 1.93 (0.27) —0.25(0.16)
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2.3 A Shopping Time (ST) Model

Shopping time models assume that the purchase of goods requires the input of transaction
services which in turn are provided by money and time. One example of this approach to

modeling money is King and Plosser (1984).

Environment As before, the economy is populated by a representative household with

preferences represented by

oo
U=FEy» Bu(Cr,L),0<8<1
t=0
where C; > 0 is consumption in period ¢ and L; denotes time devoted to leisure. The
instantaneous utility function is again given by (13). The key assumption in the shopping

time model is that the household’s time constraint is
L+ Ny + St =1

The unit time endowment consists of time devoted to leisure L;, work N; and shopping time
S;. The amount of shopping time S; needed to purchase a particular level of consumption
C} is assumed to be negatively related to the household’s holdings of real money balances

my.” The shopping or transaction technology is given by
St = (Ct, mt) (18)

where &, ., ®.., P, > 0 and Py, Py < 0. The households period ¢ budget constraint
is
14+ Ry 1 me—1

Ci+1;+b < wy N, K+ ———b_
t + 4y + 0 +my < welNy + iy + 1+ t1+1+77t

+ 1

and the law of motion for the capital stock is
Kt+1:It—|—(1—5)Kt,0<5<l

where I; denotes gross investment. The household’s problem is to choose the real quantities
{Cy, be,my, N, St, Kiq1}92, to maximize (2.3) subject to by > —b, the law of motion for

capital, the CIA constraints and the budget constraints and taking as given inflation and

®Note that we assume that only the purchase of consumption goods requires the input of transaction
services. It is straightforward to impose the same requirement to the purchase of goods for investment.
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nominal interest rates {m, R;};2, as well as the real factor prices {wy,:}72,, the lump sum
transfers and the initial capital stock Ky and real bond and money holdings and nominal
interest rate b_1,m_1, R_1. The behavior of the firms and the government as well as the

definition of equilibrium are identical to the MIU and CIA model.

Money Demand The first order necessary conditions are now

>\t — uc(Ct, Lt) =+ ’U,l(ct7 Lt)QC(C’t, mt) = 0 (19&)
K —
—\i + BE; [ A ((1 —a)A ( ”1) +1-— 5)] =0 (19D)
Ny
K 11—«
—u(Cy, Ly) + Ay <t> =0 (19¢)
Ny
1+ Ry
M+ BE | Npy1————| = 0 19d
BB e (194)
1
=Xt —w(Cy, L) @0, (Cy, my) + BE, l:)\t-i-l 1} = 0 (19e)
+ T
Lt+Nt +<I>(Ct,mt) =1 (19f)

together with Cy = A;K} N + (1 — 6)K; — Ki11.

Equation (19a) links the marginal utility of wealth A; to the marginal utility of con-
sumption. Again, both are not identical: the marginal utility of consumption exceeds A; by
u(Ct, L)@ (Cy,my) > 0, the value of transaction services. Equation (19b) is the familiar
Euler equation describing the optimal consumption-investment choice, (19¢) describes the
optimal labor leisure trade-off, (19d) is the bond Euler equation, (19¢) is the money demand
equation, and (19f) is the time constraint.

The money demand equation reduces to

_Ul(Ct,Lt)‘I’m(Ct,mt): Ry
At 1+ Ry

Using the first-order condition for the labor leisure choice, we can write money demand as

Ry
1+ R

—w @, (Cy,my) =

which states that the marginal benefit of holding money (i.e. the time saved valued at the

Ry
1+R:

real wage) equals the opportunity cost

The Deterministic Steady State We can define a function @(Cy, my, Ly) = u(Cy, 1 —

Ny — ®(Cy,my)) that gives utility as a function of consumption, leisure and real money
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holdings. Thus the shopping time model can motivate the presence of m; in the utility

function, such that the analysis from the MIU model applies.

Dynamics in the Stochastic Model
istic steady state are now described by

A = (1 = b)wemii
A
ar— (1 —a)ny + (1 — a)l%t + N\
At
ar — (1 — ) fe + (1 — )kt + Wimet + Winmihe
i+ Y,
L
8c6t + %]%t-&-l

The loglinearized dynamics around the determin-

(—bo + (1 = b) (€1 + wee)) & + (b + (1 — b)én) Iy
Edii1 + (1= B(1=06)) Er(ar1 — a1 + aigga)
flllAt + &icCt

E i1+ Ry — By

ﬁ ~
1+q—ﬁ&
_¥ E’m) (6ele + bmiine)

1-46)\ -
at—i—((l—a)—I—si 3 )kt

me mt_l - ﬁ't + 0,5
0 0
0 P01+ €
a; = pag—1+e€f

where b = @, wgp 18 the elasticity of ®, with respect to b and ¢, is the elasticity of ®

with respect to a.

Calibration We will assume the following functional form for the transaction technology

Ci
1+ my

O(Crymy) =71 ,7>0

o7
_H%’ ¢C =1

For the parameters, we take the same values as before: o = 0.58,

This functional form implies that we. = 0, wem = —H_im, Wme = 1, Wmm =
and ¢ = —1i=.
£=0.988,6 =0.025, 0 =1, p, = 0.9, 6, = 0.01, p’ = 0.481, 6% = 0.009 and 1 + p = 1.015.
A is chosen such that the steady state level of output is unity. We set v(L) = 6;log(L) and
chose ) such that N = 0.20. 7 is chosen to match the M1 money velocity of about 1/0.16.
Our assumptions on the preferences imply that &, = §. =0 and &; = —1.

The model is solved in STmodel.m using the QZ decomposition. Figure 13 displays
the impulse responses of the key macroeconomic variables to a 1% positive innovation in
technology, and Figure 14 shows the impulse responses to a 1% positive innovation in money

growth. The results are very similar to the earlier extended MIU model.
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